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GENERALIZED COVERING SPACE THEORIES 


JEREMY BRAZAS 


Abstract. In this paper, we unify various approaches to generalized covering 
space theory by introducing a categorical framework in which coverings are de¬ 
fined purely in terms of unique lifting properties. For each category C of path- 
connected spaces having the unit disk as an object, we construct a category of 
C-coverings over a given space X that embeds in the category of 7Ti(X,Xo)-sets 
via the usual monodromy action on fibers. When C is extended to its coreflective 
hull Jf’(C), the resulting category of based .zf’JO-coverings is complete, has an 
initial object, and often characterizes more of the subgroup lattice of ni (X, xq) than 
traditional covering spaces. 

We apply our results to three special coreflective subcategories: (1) The category 
of A-coverings employs the convenient category of A-generated spaces and is 
universal in the sense that it contains every other generalized covering category 
as a subcategory. (2) In the locally path-connected category, we preserve notion 
of generalized covering due to Eischer and Zastrow and characterize the topology 
of such coverings using the standard whisker topology. (3) By employing the 
coreflective hull Fan of the category of all contractible spaces, we characterize the 
notion of continuous lifting of paths and identify the topology of Fan-coverings as 
the natural quotient topology inherited from the path space. 


1. Introduction 

When a topological space X is path-connected, locally path-connected, and 
semilocally simply-connected, the entire subgroup lattice of 7 Ti(X,Xo) can be un¬ 
derstood in terms of fhe covering spaces of X 12211 . More precisely, fhe monodromy 
functor p : Cov(X) —> 7Ti(X,xo)Set from fhe cafegory of coverings over X to fhe caf- 
egory of 7Ti(X, xo)-sefs is an equivalence of cafegories. If X lacks a simply cormecfed 
covering space, more sophisficafed machinery is often needed to undersfand fhe 
combinaforial strucfure of 7ii(X,xo); however, significanf advancemenfs have been 
made in fhe pasf fwo decades. In fhis paper, we develop a categorical framework 
which unifies various affempfs fo generalize covering space fheory clarifies fheir 
relationship fo classical topological consfrucfions, and illuminafes fhe fheorefical 
exfenf fo which such mefhods provide informafion abouf fhe fundamenfal group. 

Many aufhors have affempfed fo extend fhe covering-fheorefic approach fo 
more general spaces, e.g. lH |3l [71 |20l |2TI. The usefulness of one generalizafion 
over anofher depends on fhe infended applicafion. For insfance. Fox's overlays 
120l provide no more informafion abouf fhe subgroup laffice of 7Ti(X,xo) fhan 
fradifional covering maps buf admif a much more general classification in terms of 
fhe fundamental pro-group. Semicoverings jS) are intimately related to topological 
group structures on fundamental groups ||5l fTTl and have natural applications to 
general topological group theory jH. In the current paper, we consider maps 
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defined purely in terms of unique lifting properties. Our definitions are inspired 
by the initial approach of Hanspeter Fischer and Andreas Zastrow in IfT^ and the 
subsequent papers ||8l and llTl . 

Generalized covering maps defined in terms of unique lifting properties often 
exist when standard covering maps do not and provide combinatorial information 
about fundamental groups of spaces which are not semilocally simply connected 
Esmsi. For instance, one-dimensional spaces such as the Hawaiian earring, 
Menger curve, and Sierpinski carpet admit certain generalized "universal" cov¬ 
erings having the structure of topological IR-trees (called universal IpCo-coverings 
in the current paper) on which 7ii(X,xo) acts by homeomorphism. These IR-trees 
behave like generalized Caley graphs flSl and have produced an explicit word 
calculus for the fundamental group of the Menger curve 1191 in which the funda¬ 
mental groups of all other one-dimensional and planar Peano continua embed. 

In the current paper, we begin with a category C of path-connected spaces 
having the unit disk as an object and define C-coverings to have a unique lifting 
property with respect to maps on the objects of C. In Section 2, we introduce 
categories of C-coverings and explore their properties. In particular, we show the 
category Covc(X) of C-coverings over a given space X canonically embeds into 
7ii(X,xo)Set by a fully faithful monodromy functor p : Covc(X) —> 7ii(X,xo)Set. 
Thus a C-covering p : X —> X is completely characterized up to isomorphism by 
the conjugacy class of the stabilizer subgroup H = p,(7ti(X,xo)). The category of 
based C-coverings becomes highly structured - exhibiting many properties that 
categories of classical covering maps lack - when we take C to be the coreflective 
hull of a category of simply connected spaces. 

The literature on fundamental groups of wild spaces and generalized covering 
spaces primarily takes the viewpoint of considering fundamental groups at a cho¬ 
sen basepoint and applying the relevant infinite group theoretic concepts. In some 
situations, it may be preferable to avoid picking a basepoint and work with the 
fundamental groupoid 7ii(X). In Section 3, we relate our categorical treatment of 
generalized coverings to covering morphisms of groupoids |(9l. 

In Section 4, we identify the convenient (in the sense of Il2ll23l l category of A- 
generated spaces, used in directed topology IfTSl and diffeology IfTOl as the setting 
for a "universal" theory of generalized covering maps. The category of A-coverings 
is universal in the sense that any other category of C-coverings canonically embeds 
within it. In a more practical sense, any attempt to characterize the subgroup 
structure of 7 Ti(X, xq) using maps having unique lifting of paths and homotopies of 
paths is retained as a special case of A-coverings. 

Since we define C-coverings only in terms of abstract unique lifting properties, 
we are left with two important questions for given C. 

Structure Question: If a C-covering exists, is there a simple characteriza¬ 
tion of the topology of the C-covering space X? 

Existence Question: Monodromy p : Covc(X) —> 7Ti(X,xo)Set is fully faith¬ 
ful but need not be essentially surjective. Thus a subgroup H c 7 Ti(X, xq) is 
said to be a C-covering subgroup if there exists a corresponding C-covering 
p : X —> X and Xq e X such that H = p,(7ii(X,Xo)). Is there a practical 
characterization of the C-covering subgroups of 7ii(X, Xg)? 
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In general, the Existence Question is challenging and must be taken on a case- 
by-case basis depending on which category C is being used. Some necessary and 
sufficient conditions for the existence of C-coverings are known for the locally 
path-connected category C = IpCo ||6l|8l|T5j|T6l; however, general characterizations 
remain the subject of ongoing research beyond the scope of the current paper. 
Nevertheless, it is reasonable to expect that an answer to the Structure Question 
will provide some help in answering the Existence Question. 

In Sections 5 and 6, we answer the Structure Question in two important cases. 
Eirst, we show the topology of IpCo-coverings must always be the so-called "stan¬ 
dard" or "whisker" topology. Moreover, we show that if X is first countable, then 
the notions of Ipco-covering and A-covering over X agree. Second, we consider 
the coreflective hull Fan of all contractible spaces, which is generated by so-called 
directed arc-fan spaces. We identify the topology of Fan-coverings, which character¬ 
ize the notion of continuous lifting of paths ||3l, as the natural quotient topology 
inherited from the path space. The Existence Question for Fan-coverings remains 
open and is likely to have application to topological group theory. 

2. Generalized covering theories 

2.1. Notational considerations. Throughout this paper, X will denote a path- 
connected topological space with basepoint xq e X. We take Topo to be the cate¬ 
gories of path-connected topological spaces and maps (i.e. continuous function) 
and bTopo to be the category of based path-connected spaces and based maps. 
All subcategories of Topo and bTopo considered in this paper are assumed to be 
full subcategories. Given a subcategory C c Topo, the corresponding category of 
based spaces (X, x) where X e C is denoted bC. If / : (X, x) (Y, y) is a based 
map, /, : ni{X,x) —> n\{Y,y) will denote the homomorphism induced by / on 
fundamental groups. 

Let [0,1] denote the unit interval and = {(x,y) e Wf\x^ + < 1} the closed 

unit disk with basepoint d = (1,0). A path in a space X is a continuous function 
a : [0,1] ^ X. If a : [0,1] —> X is a path, then a~{t) = a(l - t) is the reverse path. 
If a,jS : [0,1] —> X are paths such that a{l) = jS(0), then a ■ f denotes the usual 
concatenation of paths. The constant path at x e X is denoted by c^- 

Definition 1. A map f : X Y has the unique path lifting property if for any two 
paths a,|3 : [0,1] —> X, we have a = f whenever f o a = f o p and a(0) = f(0). 

Let P(X) denote the space of paths in X with the compact-open topology. The 
compact-open topology of P(X) is generated by the subbasic sets {K,U) = {a e 
P(X)|a(fC) c LI] where K c [0,1] is compact and Lf c X is open. For given x e X, 
let P(X,x) = [a e P(X)|a(0) = x] denote the subspace of paths which start at x and 
Q(X,x) = [a e P(X)|a(0) = x = a(l)} denote the subspace of loops based at x. A 
map / : (X, x) —> (Y, y) induces a continuous function /# : P(X, x) —> P(Y, y) given 
by f#{a) = f o a. Note that f : X Y has the unique path lifting property if and 
only if /# : P(X,x) —> P(Y,p(x)) is injective for every x e X. 

2.2. Disk-coverings. In the attempt to minimize the conditions one might impose 
on a covering-like map p : E —> X, we are led to the following definition due 
to Dydak lITTl . The definition is minimal in the sense that our goal is to retain 
information about the traditional fundamental group 7ii(X,Xo) and to do this one 
should require unique lifting of all paths and homotopies of paths. 
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Definition 2. A map p : E —> X is a disk-covering if E is non-empty, path-connected 
and if for every e e E and map / : {D^,d) —> (X,p(e)), there is a unique map 
/ : (D^, d) —> (E, e) such that p ° f = f- 

Since the unit interval is a retract of D^, it is clear that if p : E —> X is a 
disk-covering, then every path a : ([0,1], 0) —» (X, p(e)) also has a unique lift 
Ue : ([0,1], 0) —> (E, e) such that p o Ug = a. It follows that p must be surjective. The 
induced homomorphism p, : 7ti(E,e) 7ii(X,p(e)) is injective for every e e E and 
we have [a] e p,(7ii(E,e)) if and only if the unique lift Og : ([0,1],0) —> (E,e) such 
that p o = a is a loop. 

A morphism of disk-coverings p : E ^ X and : E' —> X' is a pair (/, y) of maps 
/ : E —> E' and g : X X' such that g ° p = (j ° f- Let DCov denote the category 
of disk-coverings and for a given space X, let DCov(X) be the subcategory of disk- 
coverings over X where morphisms are pairs (/, id), that is, commuting triangles: 


E-^- >E' 



X 


If G = 7Ti(X,xo)/ then traditional arguments from classical covering space theory 
imply the existence of a canonical "monodromy" functor p : DCov(X) ^ GSet 
to the category GSet of G-Sets (sets A with a group action (g,a) g ■ a) and 
G-equivariant functions (functions f : A B satisfying f{g - a) = g ■ /(«)). On 
objects, p is defined as the fiber p(p) = p“^(xo). If p : E' —> X is a disk-covering 
and / : E —> E' is a map such that cj ° f = p, then p(/) is the restriction of / to a 
G-equivariant function p“^(xo) —> p“^(xo). 

Lemma 3. If (X,xo) e bTopo and G - 7ii(X,xo), the functor p : DCov(X) —> GSet is 
faithful. 

Proof. Suppose p : E X and q : E' —> X are disk-coverings over X. Let f,g : E —> 
E' be maps such that qof = p = qof and p(/) = p{g) as functions p~^{xo) -a p“i(xo). 
To see that p is faithful, we check that f = g. Fix eg e p~^{xq), pick a point e e E, 
and a path y : [0,1] -a E from eg to e. By assumption, we have /(cq) = gi^o) = for 
somepointe], e p“^(xo). If/3 : [0,1] —> E'is the unique path such that p o|3 = poyand 
jS(0) = gp, then/oy = f> = ^oy by unique path lifting. In particular,/(e) = /3(1) = g(e) 
and thus f - g- □ 

The functor p : DCov(X) —> GSet will not typically be full since there are 
non-isomorphic disk-coverings corresponding to isomorphic group actions (see 
Example [19 below). In this sense, disk coverings - despite their great generality - 
are not an ideal candidate for a generalized covering theory. We will often restrict 
p to a subcategory !D c DCov(X). When we do this, we will still use the symbol p 
to represent the restriction functor £) —> GSet. 

The subgroups H Q G which arise as the stabilizer subgroups of G-sets in the 
image of p are precisely those for which there is a disk covering p : (E, e) —> (X, x) 
with p,{ni{E,e)) - El. Since some subgroups of 7ii(X,xo) need not arise as such 
stabilizers, we give special attention to those that do. 

Definition 4. A subgroup H c 7ii(X,Xo) is a disk-covering subgroup if there is a disk 
covering p : (E, e) —> (X, x) with p,(^i(F/ ^)) = Ft. 
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Another useful property not held by classical covering maps is the following 
2-of-3 lemma. We leave the straightforward proof to the reader. 

Lemma 5. Suppose p : E ^ X and q : E' E are maps. If two of the maps p,q,p oq are 
disk-coverings, then so is the third. 

2.3. C-coverings and their properties. The following definition is based on the 
definition of generalized covering in 1161 but, in the spirit of IfTTII , allows for a 
wider range of possible lifting criteria. 

Definition 6. Let C £ Topo be a full subcategory of non-empty, path-cormected 
spaces having the unit disk as an object. A C-covering map is a map p : X —> X 
such that 

(1) X e C, 

(2) For every space Y e C, point x e X, and based map / : {Y,y) —> (X,p(x)) 
such that /,(7 Ii(Y, y)) c pfni(X,x)), there is a unique map / : (Y, y) —> (X,x) 
such that p ° f = f. 

We call p a universal C-covering if X is simply cormected. Furthermore, we call p a 
iveak C-covering map if p only satisfies condition 2. 

Remark 7. The second condition in the definition of C-covering is reminiscent 
of the unique lifting criterion used in classical covering space theory. Since 
is an object of C and n\(D^,d) = 1, it is clear that every weak C-covering is a 
disk-covering and is therefore surjective. In general, the lift / : (Y, yf) —> (X,xo) in 
condition (2) can be described as follows: Let y ^Y and y : [0,1] —> Y be any path 
from yo to y. Then f (y) is the endpoint of the unique lift / o y : [0,1] —> X starting 
at Xq. 

If C is a category of simply cormected spaces, the notion of weak C-covering 
agrees with the maps of study in ITTl . For instance, if D is the category whose 
only object is D^, a weak ©-covering is precisely a disk-covering. In general, the 
"weak" coverings are not unique up to homeomorphism and, as we will show, 
can always be replaced by some category of genuine C-coverings without losing 
information about 7ti(X,xo). 

Since we always assume is an object of C, we have the following implications 

for a given map p : X X: 

p is a C-covering p is a weak C-covering => p is a disk-covering 

Let Cove denote the category of C-coverings and Cove(X) denote the category 
of C-coverings over X; we view these as full subcategories of DCov and DCov(X) 
respectively. Since every C-covering p : X —> X is a disk-covering, we may apply 
the monodromy functor p to p to obtain the corresponding group action of G = 
7ii(X,Xo) on the fiber p“^(xo). The following embedding theorem illustrates that 
C-coverings, unlike disk-coverings, are characterized up to isomorphism by this 
group action. 

Theorem 8. The functor p : Covc(X) —> GSet is fully faithful. 

Proof. Since p : DCov(X) ^ GSet is faithful by Lemma the restriction is also 
faithful. To check that p is full, suppose p : E —> X and q : E' X are C-coverings 
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and that / : p ^(xq) —> q ^(xq) is a G-equivariant function. Being G-equivariant 
means that / satisfies fhe equation f(ae{l)) = for every loop a e Q(X,Xo) 

and poinf e e p~^{xo). Fix cq g P~^(xo), lef e'^ = /{bq), and consider a loop jS e Q(E, bq). 
We have 

^0 = /(eo) = /fe(l)) = p o ^^^(1) 

which implies fhafpojSliffsfo a loop in E'based af/(eo) ~ ^ q~^ixo)- Thusp,([/3]) e 
q,{Tii{{E' ,Bg))). Since p,{tii{E,bq)) c £j,(7Ti((E',eQ))), fhere is a unique morphism 
p: (E,eg) (E', Cg) such fhaf qop = p. It suffices fo check fhaf / is fhe resfricfion of 
p fo p“^(xo). Lef B e p~^{xo) and y : [0,1] E be a pafh from eg to e. If a = p o y, 
fhen 

f{B) = f(ae,{l)) = ae'^(l) = p(e). 

□ 


The functor p in Theorem|^is nof necessarily an equivalence of categories since 
subgroups H c 7Ti(X,xg) exisf for which fhere may be no C-covering p : (X,xg) 
(X,xg) such fhaf Ef = p,(7ii(X,xg)): see Examples 


60 


and 


61 


Definition 9. A subgroup H c 7ii(X,xg) is a C-covBring subgroup if fhere exisfs a 
C-covering map p : (X,x) —> (X,xg) such fhaf p,(ni(X,x)) = H. 


Remark 10. By changing fhe basepoinf of fhe pafh-cormecfed space X in fhe fiber 
p“^(xg), if is clear fhaf whenever Ef is a C-covering subgroup, every conjugafe of H 
is also a C-covering subgroup. 


The following proposition is sfraighfforward fo verify based on argumenfs from 
fradifional covering space fheory. In particular, if confirms fhaf Cov^ is closed 
under fhe operation of composition, a properfy nof generally held by covering 
maps in fhe classical sense. 


Proposition 11. Suppose p : X —> X and q :Y XarB maps. 

(1) If p and q arB C-covBrings, thBn so is p o q, 

(2) If p and p oq arB C-covBrings, thBn so is q. 

2.4. Coreflections. Throughout this section, we assume C is a category having 
as an object. We typically want C to have "enough" objects to provide an 
interesting theory. Certainly, if fhe only objecf of C is D^, fhen fhe category Covp is 
rafher uninferesfing; we'd even have Covc([0, 1]) =0. In fhis section, we will show 
fhaf replacing any C wifh ifs coreflecfive hull in Topg provides a richer fheory of 
coverings wifhouf sacrificing any monodromy dafa. 

Definition 12. The corBflBctivB hull of C in Topg is fhe full subcafegory of Topg 
consisting of all pafh-cormecfed spaces which are fhe quofienf of a topological sum 
of objecfs of C. 

Cerfainly is closed under quofienfs and C £ 

Example 13. Well-known examples of coreflecfive hulls faken wifhin Topg include 
fhe following: 
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(1) If D is the category whose only object is D^, then is the category 

ATopo of so-called A-generated spaceaaThe category of A-generated spaces 
has been used in directed topology lll^ and diffeology llfol . We treat the 
A-generated category in more detail in Section 

(2) The category Ipco of path-connected, locally path-connected spaces is it's 
own coreflection since the quotient of every locally path-connected space 
is locally path-connected. More practically, IpCo is the coreflective hull of 
the category of directed arc-hedgehogs: see Lemma |48]below. 

(3) The category Topo is itself the coreflective hull of the category Topi of all 
simply connected spaces. The proof is a nice exercise and is left to the 
reader. 

Proposition 14. IfD^ is an object ofC, then ATopo £ ^{C). In particular, [0,1] is an 
object ofJtf{C). 

The category is coreflective in the sense that the inclusion functor 
Topo has a right adjoint c : Topo ^ where c(X) has the quotient (i.e. final) 

topology with respect to all maps g :Y ^ X with Y e C. A set IT c X is C-open in 
X if for every map / : Z —> X where Z &C, f~^{U) is open in Z. A set U is open in 
c(X) if and only if U is C-open in X. The fact that c : Topo ^ J^{C) is right adjoint 
is equivalent to the following more practical formulation. 

Proposition 15. The identity function id : c(X) —> X is continuous. Moreover, if 
y : Y —> X is continuous where Y e M’jC), then g '.Y ^ c(X) is also continuous. 

Since [0,1] and are objects of every path and homotopy of paths in X is 

also continuous with respect to the topology of c(X). Thus the continuous identity 
id : c(X) X is a disk-covering, which induces an isomorphism 7ii(c(X),x) —> 
7ii(X,x) on fundamental groups for every x e X. 

Corollary 16. For every X e Topo, the identity function id : c(X) —> X is an JtfjC)- 
covering. 

Proof. By construction, c(X) e Suppose Y e Jf{C) and / : (Y, y) —> (X,x) is 

a based map such that ffni{Y,y)) c {id)fni{c{X),x)) = ni{X,x). Since Y e 
f :Y c(X) is also continuous and certainly satisfies f o id = f. □ 

The next lemma tells us that every weak C-covering induces a .^(Cj-covering 
which retains identical monodromy data of 7Zi(X, Xg). 

Lemma 17. Ifp : X Xis a weak C-covering, then f{p) : c(X) —> X is a Jf(C)-covering. 

Moreover, the morphism 

c(X)- - -> X 


X 

of disk-coverings over X induces an isomorphism p(f(p) : c(X) X) = p(p : X X) of 
G-sets. 


^The term "A-generated" comes from the fact that ATopo is the coreflective hull of the category 
consisting of the standard n-simplices A„. 
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Proof. First, we check that ipip) is a Jf’(C)-covering. By construction, c(X) e J^{C). 
We check that \p(p) is a weak Jf’(C)-covenng. Suppose x e X, p{x) = x, and / : 
(Y, y) —> (X, x) is a based map where Y e ,^{C)and f{ni{Y,y)) c (i/)(p)),(7ii(c(X),x)). 
Since the continuous identity function c(X) ^ X induces an isomorphism of fun- 
damenfal groups, we have {\p{p))fTCi{c{X),x)) = pfni{X,x)). 

Define a funcf ion/ : {Y,y) —> (X,x) as follows: forz e Y,pickapafhy : [0,1] —> Y 
from y fo z. If / o y : [0,1] — > X is fhe unique liff such fhaf p o f oy = f o y and 
/ o y(0) = X, we lef /(z) = f o y(l). Since ffnfY, y)) c p,(TCi(X,x)) and p is a disk¬ 
covering, if is clear fhaf / is a well-defined function and is unique. If suffices fo 
show f : Y c(X) is continuous wifh respecf fo fhe fopology of c(X). Suppose 
U c c(X) is open. Since Y e we need fo check fhaf is open in Z 

for every map g : Z Y where Z e C. Suppose we have a poinf z e g~^{f~^{U)). 
Pick any pafh y from y fo g{z) so fhaf f{g{z)) = f ° y(l) = x'. Nofe fhaf 


if ° gUTll{Z,z)) 


c MnfXgiz))) 

- [/°yrV.(^i(Xy))[/°y] 

c [/oyrV(^i(Xx))[/°y] 

= ^7I1(X,X)[/^]) 

= p.(7ii(X,x')) 


Since Z e C and p : X —> X is a weak C-covering, fhere is a unique map k : (Z, z) —> 
(X,x') such fhaf p o k = f ° g- Since Z e JX’{C), fhe funcfion A: : Z —> c(X) is also 
continuous. Since pofog = fog = pok and f{g{z)) = x', we have f o g - kby fhe 
uniqueness of fhe funcfion k. Thus g~^{f~^{U)) = k~^{U) is open in Z. 

The lasf sfafemenf of fhe lemma follows direcfly from fhe facf fhaf id : c(X) —> X 
is a disk-covering which induces an isomorphism of fundamenfal groups. □ 


Corollary 18. Every C-covering subgroup ofn\ (X, xq) is also a jY’{C)-covering subgroup 
o/7Ti(X,Xo). 

Example 19. The previous lemma indicafes fhaf if X is pafh-connecfed buf nof 
an objecf of fhen fhe idenfify functions id : X —> X and ip{id) : c(X) —> X 

are non-isomorphic disk-coverings (only fhe lafer of which is a Jf^(C)-covering) 
which correspond fo isomorphic G-sefs under fhe functor p. For insfance, when 
= IpCo, a non-locally pafh-connecfed space X provides an example. 

Corollary 20. The coreflection c : Topo ^ induces a fully faithful functor f : 

Covc(X) —> Cov_^(C)(X) which is the identity on all underlying sets and functions. 
Moreover, the following diagram of functors commutes up to natural isomorphism. 


Covc(X) 




> Cov^(C)(X) 
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Proof. Lemma 


17 


shows that a C-covering p : X —» X gives rise to the 
covering i/'(p) : c(X) X. If q : Y X is another C-covering and / : X Visa map 

suchthatijo/ = p, then the coreflection c(/) : c(X) —> c(Y) satisfies !/i(i;)oc(/) = i/>(p). 
Functorality follows easily from here. Since c : Covc(X) ^ Cov^(c)(X) is fhe 
identify functor on underlying sefs and functions, if is obviously faifhful. 

The componenf of fhe nafural isomorphism af a given C-covering p : X 


is fhe isomorphism of G-sefs (i/'(p)) ^(xq) 
morphism of disk-coverings over X. 


X, 

p“^(xo) induced by fhe following 



Nafuralify is sfraighfforward fo check. Finally, is full since if is faifhful and fhe 
monodromy functors are fully faifhful. □ 


Proposition 21. Suppose the objects ofC are simply connected and include the unit disk. 
Let p : X —> X and q :Y X be maps. 

(1) If p and q are Jff{C)-coverings, then so is p o q, 

(2) If p and p oq are Jff{C)-coverings, then so is q, 

(3) If q and p o q are Jif{C)-coverings, then so is i/i(p) : c(X) —> X. 


Proof. (1) and (2) follow direcfly from Proposifion For (3) suppose q and 
are Jf^(C)-coverings. By Lemma 
C-covering. Lef Y e C and / 


17 

(XV) 


if suffices fo show fhaf p : X —> X is a weak 
(X, x) be a map and p(x) = x. Since q is 
surjecfive, we may pick a poinf y e q~^{x). By Lemma™ p is a disk-covering and 
fhus has unique lifting with respect to path-connected spaces. Therefore, we only 
need fo check fhaf a based lift of / fo (X,x) exisfs. Since Y is simply connected, 
/,(7 Ti(Y, y)) = 1 c (p o £;)*(7Ii(Y, y)). Thus fhere is a unique map fy : (Y, y) —> (Y, y) 
such fhaf p ° q ° fy = f ■ The map q ° fy ■ (Y, y) —> (X, x) is fhe desired lift. □ 


Theorem 22. For every X e Topo, the continuous identity function c(X) —> X induces 
an equivalence of categories Cov^(c)(X) = Cov^(c)(c(X)) 

Proof. Define fhe funcfor F : Cov^(c)(X) ^ Cov^(c)(c(X)) simply by applying fhe 
coreflecfion c: If p : X —> X is a J^(C)-covering, then F(p) : X = c(X) —> c(X) is 
continuous by Proposition]^ Given a morphism / : X Y of J^(C)-coverings as 
in fhe diagram below, we have X, Y e M’{C) so F is fhe identify on morphisms. 



The inverse G : Cov^(c)(c(X)) -a Cov^(c)(X) is defined as follows: If p' : X —> c(X) 
is a Jf®(C)-covering, fhen fhe composition p = G(p') = X —> c(X) —> X is a =zf’(C)- 
covering by Proposition]^ On morphisms, G is fhe identify A sfraighfforward 
check shows fhaf F and G are inverse equivalences. □ 
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Theorem[^implies that if one wishes to consider the Jt^(C)-covenngs of a space 
X, fhen for all pracfical purposes one may assume X is an objecf of ^{C). We now 
consider subcafegories C Q D ot Topo- The facf fhaf c Jf{D) allows us fo 

apply fhe coreflecfion functor c : Topo ^ J^iC) fo every objecf of 

Corollary 23. If p : X ^ X is a Jif{!D)-covering, then ijj{p) : c(X) X is a J^{C)- 
covering. 

Proof. Since C c a c;?f’(D)-covering p : X —> X is a weak C-covering. Now 

apply Lemma [T7| □ 


The coreflecfion c : induces a functor (p : > 

Cov ^(c)(X): on objecfs (p sends a .^(D)-covering p : X ^ X fo (p(p) = p : c(X) — > X 
and if q : Y —> X is anofher Jf®(£))-covering and f : X Y safisfies q ° f = p, then 
(p{f) = c{f) : c(X) — > c(y) is the coreflection. 

Theorem 24. IfC(zD(Z Topo, the functor (p : Cov_^( 2 ))(X) Cov^(c)(X) is fully 
faithful. Moreover, the following diagram of fully faithful functors commutes up to natural 
isomorphism. 


Cov^(0)(X)-)■ Cov^(c)(X) 



GSet 


Proof. By definition, (p is the identity on underlying sets and functions, which 
makes faithfulness clear. Suppose p : X —> X and q : X X are J^(£))-coverings 
and / : c(X) —♦ c(Y) is map such fhaf cp{q) o f = cp{p). Since Jff{C) c we 

have c(X) - X and c(y) = Y. Thus f : X Y safisfies q ° f = p and c{f) = f. We 
conclude fhaf cp is full. 

The componenf of fhe nafural isomorphism af a given c^(£))-covering p : X —> 
X, is fhe isomorphism of G-sefs {(p{p))~^{xo) —> p“^(xo) induced by fhe morphism 
id : c(X) —> X of disk-coverings (p(p) and p over X. Nafuralify is sfraighfforward fo 
check. □ 


We conclude fhaf using a smaller category C allows us fo refain more of fhe 
subgroup laffice of 7ii(X,xo). 

Corollary 25. IfCctDc Topo H is a Jf’{lD)-covering subgroup ofni{X,xo), then 
H is also a .^{Cfcovering subgroup of ni{X,xo). In particular, ifX admits a universal 
Jf{D)-covering, then X also admits a universal Jf°{C)-covering. 

We summarize fhe resulfs of fhis secfion wifh a simple diagram: Suppose e 
C <z D <z Topo wifh coreflecfions Topo Jff{C) and Topo Then fhe 

following diagram of fully faifhful functors commufes up fo nafural isomorphism 
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(where ^ denotes a fully faithful functor). 


Cov^(0)(X)‘^-- > Covj^(^C){X) 



2.5. Categorical constructions of C-coverings. The category Topo whose objects 
are unbased path-connected spaces is not complete (i.e. closed under all small 
categorical limits). In order to construct limits and pullbacks of coverings, we 
restrict ourselves to based spaces and maps. Let bCov^ and bCovpjX, x) denote 
the categories of all based C-coverings p : (X, x) —> (X, x) and based coverings over 
(X,x) respectively. 

Lemma 26. The categories bCov and bCov.^(C)(X x) are complete. 

Proof. Let / be a small category and F : / ^ bCov^ be a diagram of 
coverings: ¥{]) = pj : {Xj,Xj) —> {Xj,Xj) for object ; e / and for each morphism 
m : j k in }, there are maps a™ : (Xy,xy) —> {X^,xf) and : {Xj,Xj) {Xk,Xk) 
such that pk o flm = bm ° Pj. Let limp^ : (limXy,xo) (limXy,xo) be the standard 
limit in bTopo. Let X = limXy, X be the path-component of limXy containing xq 
and p : X —> X be the restriction of limpy. We check that p : X —> X is a weak 
JfjCj-covering. 

For i e }, let fly : (X,Jo) —^ (Xy,xy) and hj : (X,xo) —^ i^j/Xj) be the canonical 
projections satisfying bj op = py o aj. Let / : (Y, y) —> (X,xo) be a map such that 
Y e J^{C) and ffnfY, y)) c p»(7Ti(X, jq))- Let /y = bj o f and note that 


(//).(^l(Xy)) C (Fy op).(7Ti(X,Xo)) = (P^ Ofly).(7Ii(X,Xo)) £ {pjUni{Xj,Xj)) 


Thus there is a unique map /y : (Y, y) —> (Xy,xy) such that py o fj - fj. Given a 
morphism m : j kin J, we have 


PkOa„o fj = hmO Pj O fj = hmO fj = hmObjO f = hkO f = fk 


SO flm o fj = yj. by the uniqueness of lifts. It follows that there is a unique map 
/ : ( Y, y) —> (lim Xy, xq) such that fly o y = fj. Since Y is path-connected, / has image 
in X. Finally, since bjopo f - pjoajo f = py o fj = fj = bj o f, the universal property 
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of X gives p ° f = f- This proves that p is a weak ^(C)-covering. 


/ 

/ 

/ 

/ 

Y- 

/ 


the coreflection ip(p) : c(X) —> X is a c^(C)-covering. It is a standard 
application of coreflections and limits to check that p is the categorical limit in 
bCov^(C). 

Applying the same argument to based J^(C)-covenngs over a given based space 
(X, x), one can prove that bCovj«>(c)(X, x) is complete. □ 

Since (X,xo) is the limit lim(Xy,xy) in the proof of Lemma l26| there is a canon¬ 
ical homomorphism h : 7ii(X,xo) — > \m\n\{Xj,Xj), h{[a]) = ijpj o a]) where the 
limit lim7Ti(XpXy) of groups is realized canonically as a subgroup of the product 
Yljej Tii{Xj,Xj) taken over the objects of /. In the following theorem, we utilize this 
same notation; the result generalizes a key ingredient in the proof that fundamen¬ 
tal groups of one-dimensional spaces inject into their first shape group, i.e. are 
Tii-shape injective 11211 . 

Theorem 27. Suppose the M’{C)-covering p : (X,xo) —> (X,xo) is the limit a diagram 
F : } ^ bCov^(c) of universal Jtf{C)-coverings. Then p is a universal Jtf{C)-covering 
if and only if the canonical homomorphism h : 7ii(X,xo) bm ni{Xj,Xj) is injective. 

Proof. Suppose h is injective. Let a : —> X be a loop based at Xg. Since Xj is 
simply connected by assumption, the loop pj o aj o a - bj o p o a is null-homotopic 
in Xj. Since h{[p o a]) = {[bj op o a]) is trivial and h is injective, [p oa] - 1. Since p, 
is injective, [a] = 1 proving that X is simply connected. For the converse, suppose 
a : > X is a loop such that aj = bj o a is null-homotopic in Xj for all j e /. To 

prove the injectivity of h it suffices to show a is null-homotopic. Since py : Xj —> Xj 
is a Jf’(C)-covering, there is a unique lift ocj : > Xj such that py o ay = ay. Given a 

morphism m : j kin J, we have pjt ° ° ocj = fcm ° Pj ° ccj = ° oij - a^, which by 

unique lifting proves that a^ ° Oij = at. Since together, the loops ay and ay define a 
cone from the identity Jtf {C)-coveving id : to F, we see that there is a loop 

a : > X such that p o a = a and fly o a = ay. But since X is simply connected, 

both a and a are null-homotopic. □ 

Corollary 28. Suppose (X,xo) = lim(Xy,xy) is the limit of a diagram F : } bTopo in 
the category of based, path-connected spaces where Xj admits a universal Jtf{C)-covering 
for each ; e / and bj : X Xj is the projection. If the canonical homomorphism 


By Lemma 
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h : ni(X,xo) lim7ii(Xy,xy), h{[a]) = {[bj o a]) is injective, then X admits a universal 
,J^{C)-covering. 


Proof. Let pj : (Xy,xy) — > (Xy,xy) be a universal J^{C)-covenng. Given a morphism 
m : i —> fcin/letbm = F(m) : Xj —> X^. Since Xy is simply connected, there is a unique 
map flm : (Xy,xy) — > {Xk,xf) such that pjt o = hm o py. Thus we have a diagram 
/ ^ bCov^(c) of universal Jf'(C)-coverings with limit p : (X,xo) —> (X,xo). By 
Theorem; 


27 


X is simply connected. 


Corollary provides a categorical proof of fhe facf fhaf a tti- shape injective 
Peano confinuum admifs a universal Ipco-covering. The general case appears in 
iThll . Interestingly the converse of Corollary[^is false in fhe locally-pafh connecfed 
case HI; fhere exisf Peano confinua (X,Xo) = lim (X„,x„), which are fhe inverse 
limif of finife polyhedra and which admif a universal IpCo-covering buf for which 
h : 7ii(X,xo) —> tim^ 7ii(X„,x„) fails fo be injective. 

Anofher useful consfrucfion is fhe pullback consfrucfion: Fix a Jtf{C)-covehn^ 
p : X —> X and any map f : Y X. We view fhe pullback XxxY = {{x,y) e 
X X y|p(x) = /(y)} as a subspace of fhe direcf producf. Similar fo fhe sifuafion 
above, fhe space X Xx X need nof pafh-connecfed and fhe componenfs need fo 
be objecfs of This failure has been fully characferized in fhe locally pafh- 

connecfed case J^{C) - IpCo HU. To overcome fhis issue, we again choose a single 
pafh componenf and apply fhe coreflecfion c. 

Fix poinfs i/o ^ X/ - /(^o)/ arid Xq e p“^(xo). Lef P be fhe pafh componenf 
of X Xx X confaining (xq, j/o) and lef /*X = c(P) be fhe coreflecfion. We call fhe 
projection f*p : f*X —> X, /*p(x, y) = y fhe pullback of X by f and check fhaf if is a 
.zf’(C)-covering map. 

Lemma 29. 1/ p : X —> X is a M’{C)-covering, X e Topo and f : Y ^ X is a map, 
then the pullback f^p : f*X Y is a ,9tf{C)-covering corresponding to the subgroup 
fp^{p,{ni{X,XQ))) c miXyo). 

Proof. By consfrucfion, f^X is an objecf of Lef Z e (x, y) e /*X 

and g : (Z,z) —> (X,y) be a map such fhaf y,(7ii(Z,z)) c (/*p)*(7ii(/*X,(x,y))). Lef 
q : /*X —> X be fhe second projecfion such fhaf p o q = f o f*p. Now 

(/o^).(7Ii(Z,z)) c /.((/p).(7Ti(fX,(x,y)))) 

= p.(‘?.(7ti(/*x,(x,y)))) 
c p.(7ii(X,x)) 

Thus fhere is a unique map A: : (Z, z) —> (X, x) such fhat p ok = fog. By fhe universal 
properly of pullbacks, we have a unique map ^: (Z,z) —> (X Xx X, (x, y)) safisfying 
q o g = k and /*p ° g ~ g. Since Z is pafh-connecfed g has image in P and since 
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Z e M’iC), g-.Z^ f*X is continuous. 



Finally, we check that {f*p),{ni{f*X,{xo,yo))) = /, ^{p*ini{X,xo))). One inclusion 
is clear from the commutativity of fhe square. For fhe ofher suppose [y] e 
fy^{p,{ni{X,xo))). Since [f ° y] e p,(7Ti(X,xo)/ there is a unique lift k : > X 

such that p o K = f ° y- Thus there is a unique loop y : —> f*X such that 

f*p oy = y and q oy = k. It follows fhaf [y] e {pp)t{n\{f*X, (xq, i/o)))- n 

In facf, a based map / : (Y, i/o) (X,xo) induces a functor/*^: bCovj)^=>(c)(X,xo) —> 

bCov_^(C)(X, i/o)- If p' '■ (X',Xg) —> (X,xo) is anofher Jf'(C)-covering over X and 

g : (X,xo) —> (X',Xg) is a morphism such fhaf p' ° g = p, then f*g : /*X —> /*X' is 
uniquely induced by a straightforward pullback diagram. 

Corollary 30. Suppose p : X —> X is « universal Jf{C)-covering. Then the pullback 
f*p : f*X —> Y is fl universal Jtf{C)-covering if and only if f, : 7ii(Y, i/o) 7Ti(X,xo) is 
injective. 


We use fhe exisfence of pullbacks fo verify fhe closure of Jf^(C)-covering sub¬ 
groups under infersecfion. 

Theorem 31. If {Hjlj e /} is any set of M’{C)-covering subgroups of ni{X,xo), then 
Ply Hj is a M’{C)-covering subgroup. 


Proof. Fix a czf’(C)-covering pj : (Xy,xd 
Lef (X,xo) = (YljXjfxj)). By Lemma 


26 


^ (X,Xo) such fhaf {pj)fni{Xj,Xj)) = Hj. 
fhe producf p = YlPj ■ c(X) —> Hy X is a 
.zf’(C)-covering. Nofe fhaf p,(7Ti(X,Xo)) is fhe producf of subgroups Ylj^j when 
we make fhe idenfificafion Hy^iCX^o) - TtidlyXC^o))- Lef 6 : X be 

fhe diagonal map and 6*p : 5*X —> X be fhe pullback of X by 6. By Lemma 
d*p is a Jtf{C)-covermg map such fhaf fhe image of fhe homomorphism (6*p) 


29 


IS 


6, ^(riy Lfy). If is easy fo see fhaf = Py Hy and fhus PyHy is a 

covering subgroup. □ 


Theorem 31 implies fhe exisfence of a minimal Jf^(C)-covering subgroup for 
every based pafh-cormecfed space (X,xo): Lef 


U{X,C) = n{H|H is a J^(C)-covering subgroup of 7ii(X,xo)). 

The exisfence of minimal J^(C)-covering subgroups immediafely implies fhe exis¬ 
fence of an inifial based .zf’(C)-covering p : (X,xo) —> (X,xo) such fhaf p,(7ii(X,xo)) = 
U{X,C). 


Theorem 32. For any space X, the category Cov has an initial object. 
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Corollary 33. A space X admits a universal Jtf{C)-covering if and only ifU{X,C) = 1. 

Any non-trivial elements of the subgroup U(X, C) may be viewed as those el¬ 
ements of 7Ti(X,xo) which are indistinguishable from the homotopy class of the 
constant loop with respect to Jf’(C)-covermgs. Thus if U(X,C) + 1 there are ho¬ 
motopy classes of loops which are inaccessible to study via J(f(C)-covermgs. 


Proposition 34. U(X,C) is a normal subgroup ofni{X,xo). 

Proof. Recall from Remark that if H is a J^{C)-covehng subgroup of G = 
7Ti(X,xo)/ then gHg~^ is also a Jf'(C)-covering subgroup for each g e G. The 
normal subgroup Nh - Pl^eG (called the core of H in G) is the largest normal 

subgroup of G which is contained in H. By Theorem 31 Nh is a Jif{C)-covenng 
subgroup. Let N be the intersection of the cores of all Jtf{C)-coveving subgroups 
H. Clearly N is normal. Since Nh £ H for all H, we have N c U{X,C) and since N 
is a J^{C)-covenng subgroup (by Theorem|^, we see that N = U{X,C). □ 


3. The groupoid approach 

Recall that if a map / : X —> Y has the unique path-lifting property and/oa = fofi 
for paths a and f, then we cannot conclude that a = f unless we already know 
they agree at a point. Consequently, the basepoints in the definition of C-covering 
cannot be disregarded. Nevertheless, some of the above results have nice analogues 
involving the fundamental groupoid, which avoid reference to subgroup conjugacy 
classes. We briefly mention a few of them here. 

Given a small groupoid let Q{x, —) denote the set of morphisms in Q whose 
source is the object x. A covering morphism over ^ is a functor F : ^ ^ be¬ 

tween groupoids such that for each object y e “K the induced function '7T(y, -) —> 
0{F{y), -) is bijective 12. The category of covering morphisms over § is denoted 
CovMor(^). It is a standard fact that CovMor(^) is equivalent to the functor cat¬ 
egory Set® of operations of § on sets. Moreover, if G = Q{x,x) is the vertex group 
viewed as a one-object subcategory and Q is connected, then the inclusion G Q 
is an equivalence of categories which in turn induces an equivalence Set® —> GSet. 

We are interested in the case where Q = 7Ti(X) is the fundamental groupoid of X 
and G = 7ii(X,xo)- 

Since a disk-covering p : E X has unique lifting of all paths and homotopies 
of paths, it is clear that the induced functor 7ii(p) : ni{E) ti\{X) is a covering 
morphism. Thus we obtain a monodromy functor M : DCov(X) -a CovMor(7i:i(X)) 
by applying ni to disk-coverings and their morphisms. If E : CovMor(7ii(X)) —> 
7ii(X,xo)Set is the equivalence of categories referenced in the previous paragraph, 
then E o M - pis the faithful monodromy functor of Lemma Consequently, M 
is faithful. 

For the rest of this section, suppose C c Topo is a category containing the unit 
disk as an object. 

Theorem 35. For any space X, there is a canonical fully faithful monodromy functor 
M : Covc(X) —> CovMor{ni{X)). 

Proof. Since Covg(X) c DCov(X), we define the functor M : Covc(X) CovMor(7Zi(X)) 
simply to be the restriction of M : DCov(X) ^ CovMor(7ii(X)). It follows from 
Theorem 1^ that M : Covc(X) ^ CovMor(7ii(X)) is fully faithful. □ 
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Since the following diagram commutes up to natural isomorphism and the 
bottom functor is an equivalence, it is possible to consistently replace p with M in 
all of the previous diagrams involving monodromy. 

Covc(X) 


CovMor(ni(X))- - -> 7ii(X,Xo)Set 

The results on categorical limits and pullbacks as applied to based 
coverings may be summarized as follows. 

Theorem 36. If CovMor is the category of all covering morphisms, then for any C the 
image ofM : bCov> CovMor is complete. 

Theorem37. For any {X,xf) e hJopa, the image ofM : bCovjj^=>(c)(X,xo) CovMor{n\{X)) 
is complete and has an initial object. 

4. The universal covering theory: A-coverings 

In this section, we consider in more detail the category in which all other C- 
covering categories embed, that is, when is the only object of C. 

Definition 38. A subset IT c X is A-open in X if f~^{U) is open in for every map 
f : ^ X. A space X is A-generated if a set IT is open in X if and only if IT is 

A-open in X. 

Let ATopo denote the category of path-connected, A-generated spaces. We prefer 
to use the following characterization of A-generated topologies which follows 
directly from the existence of space filling curves [0,1] —> D^: A set IT c X is 
A-open if and only if a~^{U) is open in [0,1] for every path a : [0,1] —> X. 

Recall a space X is sequential if IT c X is open if and only if for every convergent 
sequence x„ —> x in X with x e IT, there exists N > 1 such that x„ e IT for all n >N. 

The following lemma follows from well-known topological facts. 

Lemma 39. HOl Every first countable and locally path-connected space is A-generated 
and every A-generated space is sequential and locally path-connected. 

If D denotes the full subcategory of Topo whose only object is D^, then = 

ATopo. kVe denote the coreflection functor by A : Topo ATopo. Thus A(X) has 
the same underlying set as X and has the topology consisting of all A-open sets. For 
the sake of convenience we call a ATopo-covering p : X X simply a A-covering. 
Definition |6] translates as follows. 

Definition 40. A map p : X —> X is a A-covering map if 

(1) X e ATopo, 

(2) for every space Y e ATopo, point x e X, and based map / : (Y, y) —> (X, p(x)) 
such that f,{Tii{Y, y)) c p,(7Ti(X,x)), there is a unique map / : (Y, y) (X,x) 
such that p ° f = f. 

The following theorem is the relevant combination of Theorem[M|and Corollary 
it implies that among all C-coverings, A-coverings retain the most information 
about the subgroup structure of 7ti(X,Xo). 
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Theorem 41. If C has as an object, then there is a canonical fully faithful functor 
Covc(X) ^ ACov(X). 

Corollary 42. Suppose C c Topo has as an object. Then every C-covering subgroup 
ofni{X,xo) is also a A-covering subgroup o/7ii(X,xo). 

We now observe that the images of the functors p : ACov(X) —» GSet and 
p : DCov(X) —> GSet agree, or equivalently that every disk-covering subgroup 
of 7ii(X,xo) is a A-covering subgroup of 7ii(X,xo). Recall fhaf a disk-covering is 
precisely a weak £)-covering where fhe only objecf of D is D^. The following 
lemma is a special case of Lemma [T7| 

Lemma 43. If X is path-connected and p : E ^ Xisa disk-covering, then p : A(E) —> X 
is a A-covering. 

We can now exfend fhe coreflecfion A : Topo ATopo fo a funcfor DCov(X) —> 
ACov(X). If / : E —» E' safisfies p' o f = p for disk-coverings p : E ^ X and 
p :E' X, fhenA(/) : A(E) —> A(E') is a morphism of fhe A-coveringsp : A(E) —> X, 
p : A(E') ^ X. 

Corollary 44. The functor A : DCov(X) ACov(X) taking disk-covering p : E ^ X 
to the A-covering p : A(E) —> X is right adjoint to the inclusion ACov(X) DCov(X). 

Theorem 45. Suppose X is path-connected and G = tzi(X,xo). The follow diagram of 
functors commutes up to natural isomorphism. 

DCov(X)--> ACov(X) 



GSet 


Proof. To define fhe nafural isomorphism i]: p o A —> p, we fake fhe componenf pp 
of fhe disk-covering p : E Xto he fhe isomorphism of group acfions induced by 
fhe morphism 

A(E)- - -^ E 



X 


of disk-coverings under p. The nafuralify of rj is sfraighfforward fo verify. □ 

Remark 46. We do nof wish fo give much affention fo cafegories of weak C- 
coverings; however. Theorem can be generalized as follows: If wCovo(X) is 
fhe cafegory of weak C-coverings over X, fhen fhe follow diagram of functors 
commutes up fo nafural isomorphism where is righf adjoin! fo fhe inclusion 
Cov^(C)(X) c wCovc(X). 

Ip 

wCovc(X)-> Cov^(c)(X) 
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4^ as follows: Any attempt to 
fundamental group 7Zi(X, Xg) 


One should interpret the conclusion of Theorem 
study the combinatorial structure of the traditiona 
using maps that uniquely lift paths and homotopies of paths can be replaced 
or generalized by A-coverings without losing any information about 7ii(X,xo). 
Additionally, by Theorem 22 we have ACov(X) = ACov(A(X)) and thus there 
is also no loss of information by assuming from the start that X is A-generated. 
The subgroup U(X, ATopo) £ 7ii(X,Xo) is, in some sense, the group of "phantom" 
homotopy class, i.e. those which are invisible to any generalized covering-theoretic 
approach. 

Given a A-covering p : X X, it is natural to search for explicit descriptions of 
the topology of X. In the following section, we employ the locally path-connected 
category to provide a simple description of X in the case that X is first countable. 
For a non-first countable, A-generated space X, it seems that we can only describe 
the topology of X as a final topology with respect to a collection of paths [0,1] —> X. 


5. Coverings for locally path-connected spaces: Ipcq-coverings 

The second case we consider is when is the category IpCg of path- 

connected, locally path-cormected spaces. As discussed in the introduction, the 
notion of IpCg-covering is a direct generalization of the "generalized regular cov¬ 
erings" in 1161 . Ipc Q-coverings p, which are non-regular in the sense that the image 
of p, is a non-normal subgroup, are known to exist ITtI . 

Definition 47. HTTlI Let (/, <) be an infinite directed set. The directed wedge (A, uq) = 
V i(Xj, Xj) of spaces (Xy, xy) indexed by / is the based wedge sum with the following 
topology: U c A\{flo) is open if and only if IT n Xy is open in Xy for each j e J and IT 
is an open neighborhood of aq if and only if there is a A: e / such that Xy c IT for all 
j > k and IT n Xy is open in Xy for each; e /. The arc-hedgehog over J is the directed 
wedge (H(/),flo) = V/([0,1];,0). 

If f e [0,1], we let fy denote the image of t e [0, l]y in H(/). Observe that maps 
(H(/), aq) ^ (X, x) are in bijective correspondence with convergent nets ay —> Cx, 
ye/ (which converge to the constant path) in the path space P(X). Also note that 
H(J) is path-cormected, locally path-connected, and simply-cormected. Let be 
the category whose objects include H(J) for every directed set /. 

Lemma 48. = IpCo. 

Proof. Since every quotient of a topological sum of locally path-connected spaces is 
locally path-cormected, it is clear that M’ifH) c Ipcg. Suppose X is path-cormected 
and locally path-cormected and suppose there is a set IT c X such that e“^(IT) is 
open for every map e : H(/) —> X from some arc-hedgehog. We check that IT is 
open in X. If IT is not open, then there exists x e IT such that no neighborhood 
of X is contained in IT. Let [Vjf e /} be a base of path-cormected cormected 
neighborhoods at x, where / is a directed set. For every / e /, there is a point 
Xy e Vj\U. Pick a path cy : [0,1] Vy from x to xy. Together these paths induce 
a unique map e : (H(/), aq) —> (X,x) such that the restriction to [0, l]y is ey. Since e 
is continuous £~^{U) is an open neighborhood of aq in H(/). Thus there is a A: e J 
such that [0, l]y c e“^(IT) for all j > k. Thus ey(l) = Xj e U for all j > k which is a 
contradiction. Thus IT must be open in X. □ 




GENERALIZED COVERING SPACE THEORIES 


19 


The coreflection functor Topo —> J^(^) is well-known II^ ITTIIT^ : we denote it 
by Ipc : Topo ^ IpCo- A convenient description of the coreflection is the following: 
lpc(X) has the same underlying set as X and has topology generated by the path- 
components of the open sets of X. Since is not an object of 'H, apparently, we 
cannot apply much of the above theory to “K itself. However, it is certainly true 
that e IpCo- Since (IpCo) = IpCo, the results in Section 2 apply to IpCo when 
we view it as the coreflective hull of “Tt with added as an object. Definition 
translates as follows. 

Definition 49. A map p : X —> X is a Ipco-covering map if 

(1) X is path-cormected and locally path-cormected, 

(2) for every path-cormected, locally path-cormected space Y, point x e X, and 

based map / : (Y, y) (X,p(x)) such that /,(7ii(Y, y)) c p,{ni{X,x)), there is 
a unique map / : (Y, y) (X, x) such that p ° f = f- 

Example 50. Suppose X is semilocally simply cormected and locally path-cormected. 
Certainly every covering (in the classical sense) over X is a Ipco-covering. Thus 
the traditional classification of covering spaces guarantees that every subgroup 
of X is a IpCo-covering subgroup. As a consequence, the category Covipc„(X) of 
Ipco-coverings is precisely the usual category of cormected coverings over X. 

Example 51. It is known that if X is a metric space with Lebesgue dimension equal 
to 1 or if X embeds in then X admits a universal Ipco-covering, or equivalently 
Lr(X, Ipco) = 1 HU. Thus spaces such as the Hawaiian earring, Menger curve, and 
Sierpinski triangle all admit a universal IpCo-covering which, for many practical 
purposes, is a suitable replacement for a traditional universal covering. 

We now seek to identify the topology of Ipco-covering spaces. The authors of llT^ 
show that the so-called "whisker topology" construction, used in classical covering 
theory 122] , provides a candidate one might use to construct Ipco-coverings. We 
confirm that all Ipco-coverings arise from the whisker topology. 

Fix (X,Xo) e bTopo and a subgroup H c 7 Ti(X,Xo). Let X^ ~ P(X,Xo)l ~ where 
a ~ jS if and only if a(l) = /3(1) and [a ■ j3“] e H. The equivalence class of a is 
denoted [aju. We give Xh the whisker topology, which is generated by the sets 
B{[a]H,U) = {[a-e]H\e{[0,l])cU] 

where U is an open neighborhood of a(l). Note that if [/S]h e B{[a]H, U), then 
S([a]H/ ff) = U)- In the case that H = 1 is the trivial subgroup, we just write 

X. The basepoint of Xh is taken to be class xh = [Cx„]h of the constant path Cx„ at 
xq. The map pn ■ Xh —> X is defined to be the endpoint projection Ph{[c(]h) = 

When X is locally path-cormected and semilocally simply-cormected, pn '■ Xh —> 
X, Ph{xh) = Xq is the classical covering space of X which corresponds to the 
subgroup H c 7ii(X,Xo) under the usual classification of coverings 1221 . When X 
is not semilocally simply-connected, pn '■ Xh —> X may not be a covering map but 
still has the potential to be a Ipco-covering map. The general properties of pn are 
studied in great detail in ITb). 

Lemma 52. IITbll The space Xh is path-connected and locally path-connected. The endpoint 
projection pn '■ Xh —> X is a continuous surjection. If X is locally path-connected, then 
Ph ■ Xh X, Ph(Mh) = n(l) is an open map. 
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An important feature of fhe whisker topology is that many maps / : (Y, y) —> 
(X, x) are guaranteed to have at least one lift to X^. The following resulf is exfracfed 
from classical covering space fheory. 

Lemma 53. IIT^ Lemma 2.4] Suppose Y is path-connected and locally path-connected, 
1/0 e Y, a e P{X,xo), and f : {Y,yo) (X, a(l)) is a map such that f,{TCi{Y,yo)) £ 
[a~]H[a]. Then there is a continuous map f : (Y, yo) {Xr, [«]«) such that Ph° f = f 
defined by f{y) = [a • (/ ° t)]h where t : [0,1] —> Y is any path from yo to y. 


The liff / : (Y, yo) —> {Xh,xh) of a map / : (Y, yo) —> (X,xo) defined in Lemma 
53|is called fhe standard lift of f. In parficular, every pafh a : ([0,1], 0) —> (X,xo) 
[ 0 , 1 ] 


has a sfandard liff a^ 
afs) = a{st). 


Xr sfarfing af Xr defined as a_y{t) = [at]R where 


Corollary 54. H c (pn). (ni(XH,XH)). 

Proof. If [a] e H, then the standard lift is a loop based at xr since tx.yi'L) ~ 
[ai]R = [a]R = Xr. Thus (pn). {\aj^]) = [«]■ n 


Lemma 55. For any subgroup H c 7ii(X,xo), the following are equivalent: 

(1) Pr : Xr ^ X is a l-pcg-covering, 

(2) pr : Xr —> X has the unique path lifting property, 


(3) (ph).(7Ti(X„,xh))=H. 


Proof. (1) => (2) is obvious. (2) => (3) Suppose pR : Xr —> X has the unique path 
lifting property. By Corollary]^ one inclusion is clear. Suppose y : [0,1] —> Xr 
is a loop based at xr. Let a = Pr oy. By uniqueness of pafh liffing, y = a^. In 
parficular, a_y(l) = [a]R = Xr, which implies {pR),{[y]) = [a] e H. 

(3) =i> (2) Suppose (ph).(tii(Xh,% )^ = H. Suppose a e P{X, Xq) is a pafh such 

fhat fhere is a lift jS : [0,1] —> Xr, jS(0) such that jS(l) ^ a^{\) = [a]R. Let jS(f) = [fit]R 
and y - f I and note jS • (yyfi is a well-defined loop based af Xr. By assumpfion, 
{a ■ p-] = (Ph). ([jS • (t>)“]) e H. Thus jS(l) = [fih = [a]R = a(l) which is a 
confradicfion. 

(2) & (3) => (1). Lef Y e IpCo, y &Y, a e P{X,xo), and / : (Y, y) —> (X,x) such fhaf 
a(l) = X and ffinfiY, y)) c {pififinfiXR, [«]«)). We have 


(Ph).(7Ii(Xh, [«]«)) = [a ](ph).(7Ii(Xh,%))[«] = [a ]H[a]. 
fhere is a map / : (Y, y) 


By Lemma 53 fhere is a map / : (Y, y) —> {Xr, [a]R) such fhat Pr ° f = f- Since pR 
has the unique path lifting property and Y is path-connected, / is unique. □ 


We now verify fhaf fhese are fhe only candidafes for IpCo-covering maps. 


Lemma 56. Suppose p : (X,x) —> (X,xo) is a based Ipcg-covering and pfini{X,x)) = H. 
Then there is a homeomorphism p : (X, x) —> {Xr, xr) such that pRop =p. 




Proof Since pfini{X,x)) = H c {pR)fni{XR,XR)) (recall Corollary |54|, fhere is by 
Lemma 53 a confinuous sfandard liff p : (X, x) —> (Xr, xr) such fhat Pr o p - p. 
Suppose [a]R e Xr and a : ([0,1], 0) —> (X,x) is the unique lift of a such fhaf 
p o a^c = a. By definifion of fhe sfandard liff, p(afil)) = [oIr. Thus p is surjecfive. 
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Suppose ti,T 2 : ([0,1],0) —> (X,x) are paths such that p(Ti(l)) = [p o ti]h = 
[p ° T 2 ]h = p(t 2(1)). Then 

P.([Ti • T 2 ]) = lip ° ■ ip ° t^ 2 )“] e H = p 47 Ti(X,x)). 

By unique path lifting of p, if follows fhaf Ti(1) = T2(1) and fhus p is injective. 

If suffices fo check fhaf p is an open map. To obfain a confradicfion, suppose 
V is an open neighborhood in X such fhaf p{V) is nof open in X^. Pick a pafh 
jS : ([0,1], 0) —> (X,x) such fhaf /S(l) e V and no neighborhood of p(/3(l)) - [p ° jSjn 
is confained in^(V). Lef {Ujlj e /} be a neighborhood base af x = p(j3(l)), which 
is direcfed by inclusion {j < kif and only if Uk £ Uj). Since {B{[p o jS]H, Uj)\i e }] 
is a neighborhood base af [p o there is a path ey : ([0,1],0) -a {Uj,x) such that 
[{p o /S) • ej]H e B{[p o /S]h, Uj)\p{V) for each j e /. Lef Xj = ey(l) e Uj. 

The pafhs ey combine fo give a map e : (H(/),flo) —> (X,x) on fhe arc-hedgehog. 
Since H(/) is pafh-connecfed, locally pafh-connecfed and simply-connecfed, fhere 
is a unique liff e" : (H(/),flo) —> (XjS(l)) (such fhaf p o'e = e). Since V is an open 
neighborhood of jS(l), fhere is a k e / such fhaf e maps fhe k-th arc of H(/) in fo 
V, i.e. e([0, Ijit) c V. If ei is fhe pafh which is fhe resfricfion of e 'fo [0, l]k, then 
ejt(l) e V and p o et = ejt. But this implies 

lip ° jS) • ekh = lip °P)-ip °^k)]H = lp°iP ■■£*:)]« = p(iS • ei:(l)) e p{V) 
which is a contradiction. □ 


Combining Lemmas 55 and we obtain the following fheorem which, for 
fhe locally pafh-cormecfed cafegory, answers fhe Sfrucfure Quesfion posed in fhe 
infroducfion: fhe topology of any Ipco-covering space is equivalenf fo fhe whisker 
fopology. 


Theorem 57. For any subgroup H c 7ii(X,Xo), the following are equivalent: 

(1) H is a l-pco-covering subgroup o/7ii(X,xo), 

(2) pii : Xh ^ X is a Ipcg-covering, 

(3) Ph '■ Xh —> X has the unique path lifting property, 

(4) (p„).(7Ti(X„,X„))=H. 

If is nof frue fhaf every A-covering map is a IpCp-covering map. For insfance, if 
X is locally pafh-connecfed buf nof A-generafed, fhen fhe identify map X —> X is a 
Ipco-covering map buf nof a A-covering. We confirm fhaf every A-covering map is 
also a IpCfl-covering map when X is firsf counfable. 


Lemma 58. Suppose X is first countable and p : X ^ Xis a map. Then p is a A-covering 
map if and only ifp is a Ipcg-covering map. 


Proof. Firsf, suppose p : X —> X is a Ipco-covering map. By Theorem 57 X = Xh 


where H = p»(7Ti(X,x)). Buf if X is firsf counfable, fhen so is Xh (by fhe definifion 
of fhe whisker fopology). Since Xh is also locally pafh-cormecfed, if is A-generafed 
by Lemma 1^ Since every A-generafed space is locally pafh-cormecfed, condifion 
(2) of Definifion |40| is sfraighfforward fo verify. Therefore, p is a A-covering map. 

For fhe converse, suppose p : X —> X is a A-covering such fhaf p,(7ii(X, x)) = H. 
Since X is locally pafh-connecfed, p : X —> X is continuous, and pfni{X,x)) - H, 
fhere is by Lemma 53 a map p : X —> Xh such fhaf pn ° P ~ P- By definifion, if 
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y : [0,1] —^ X is a path from x to z and a = p o y, then p(y(t)) = a^(t) = [at]H 
where at{s) = a{st) is the path given by restricting a to [0, t]. We show in the next 
paragraph that p is a homeomorphism. Once this is done, it is clear that pn has 
the unique path lifting property and is therefore a Ipco-covering (by Theorem [57| 
which is equivalent to p. 

Our proof that p is a homeomorphism is quite similar to the proof of Lemma 
56 Verifying bijectivity is identical so we leave it to the reader. We check that p is 
open: To obtain a contradiction, suppose V is open in X and p(V) is not open in 
Xh- Pick a path jS : ([0,1],0) (X,x) such that |3(1) e V and no neighborhood of 

p(/3(l)) = [p o jS]H is contained in p(V). Let {U„|n > 1} be a countable neighborhood 
base at X = p(/l(l)). Since {B([p o U„)\n > 1} is a neighborhood base at [p o 
and ^{V) is not open, there is a path e„ : ([0,1], 0) ^ (Un, x) such that [(p o jS) • e,,]^ e 
B([p ° jS]h, Un)\p{V) for each n > 1. Let x„ = e„(l) e Un- 

The paths e„ combine to give a map e : (H((u),flo) (X,x) on the tu-arc- 

hedgehog. Since H{co) is A-generated and simply-cormected, there is a unique 
lift e : (H(a;),flo) (X/S(l)) (such that p oe = e). Since V is an open neighborhood 

of /S(l), there is a N such that e maps the n-th arc of H{co) in to V for all n > N. If 
is the path which is the restriction of e to [0,1]„, then e„(l) e V and p o e„ = e„. But 
this implies 

lip ° jS) • enh = lip ° jS) • (p ° en)]H = [p ° (/3 • £„)]« = p(/3 • e„(l)) e p(V) 
for some n, which is a contradiction. □ 


Combining the previous lemma with Theorem 57 we obtain the following 
comparison for first countable spaces. This comparison states implies that for a 
first countable space X, the subgroup structure of 7ii(X,Xo) retained by all disk- 
coverings, A-coverings, and Ipco-coverings is exactly the same. 

Theorem 59. IfX is first countable, then Covip(.|,(X) = ACov(X). Moreover, the follow¬ 
ing diagram of functors commutes up to natural isomorphism. 


DCov(X) 



Covipc„(X) 


GSet 


The study of wild fundamental groups is typically focused on the fundamental 
groups of metric spaces. The previous theorem implies that any covering-theoretic 
attempt to characterize the subgroup structure of the fundamental group of a 
metric space is retained or improved upon by the IpCo-coverings introduced in 11611 . 
In particular, there can be no mysterious disk-covering subgroup H c 7ii(X, xq) 
for which the classical endpoint projection pn '■ Xh —> X fails to have unique 
path lifting. The author does not know of an example of a non-first countable, 
A-generated space X and subgroup H c 7 Ti(X,xo) such that H is a A-covering 
subgroup but not a Ipco-covering subgroup. 

Example 60. Let H = Uji>i{(^/3/) ^ lR^|(x - l/nf- + = 1/n^) be the standard 

Hawaiian earring space and > H be a simple closed curve traversing the 

n-th circle. We consider the subgroup Foo £ 7 Ti(H, (0,0)) freely generated by the 
homotopy classes of the loops f„. There does not exist any subcategory C £ Topo 
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such that Foo is a C-covering subgroup. If such a subcategory were to exist, then 
Foo would be a A-covering subgroup and therefore a IpCo-subgroup since H is firsf 


counfable. Buf by Theorem 57 fhis would imply fhaf : Xp^ —> X has unique 


pafh-liffing, which is false: see Example 6.2 of Ill6]l 


Example 61. For an even more exfreme example consider any non-simply con- 
necfed, firsf counfable space X such every non-trivial homofopy class has a rep- 
resenfafive in an arbitrary neighborhood of fhe basepoint xq. Such spaces are 
considered in defail in Il24l |2^ and include fhe famous harmonic archipelago and 
Griffifhs fwin cone spaces. If is well-known fhaf fhe only subgroup H c 7 Ti(X, Xg) 
for which pn '■ Xh —> X has fhe unique pafh liffing properfy is when H = ni(X,xo). 
Using fhe same reasoning as in fhe previous example, we can conclude fhaf given 
any C, fhe only C-covering subgroup of 7Zi(X,xo) is 7 Ti(X,xo) itself. Thus one can- 
nof possibly distinguish any elemenfs of 7 Ti(X,xo) using any fheory of generalized 
coverings. 


6. Continuous lifting: Fan-covERiNGS 

Definition 62. Let (/, <) be a directed set and K = /U {oo} be obtained by adding one 
maximal point. Give K the topology generated by basis sets \k} and Vp - {oo} u {j e 
Jlj > k] for k < oo. The directed arc-fan over J is fhe cone over K, i.e. fhe quofienf 
space F(/) = X x [0,1]/X x {0} wifhbasepoinf bo, fhe image of X x {0} in fhe quofienf. 

We denofe fhe k-th arc of F(/) (i.e. fhe image of {k] X [0,1]) by [0, Ijp and fake fhe 
poinf tp fo be fhe image of {{k,t)] in [0,1]*;. The resfricfion of a map / : F(/) —> X 
fo [0,1]*: is a pafh fp : [0,1]*; —> X. Observe fhaf maps / : (F(/), bo) —> (X,x) are in 
bijecfive correspondence wifh convergent nets fj foo in F(X, x) indexed by /. 

Let ‘F be the category whose objects are and the directed fans F(/) for all 
direcfed sefs /. Lef Fan = be fhe coreflecfive hull of F in Topo. Nofe fhaf 

fhe arc-hedgehog H(/) = F(/)/({oo} x [0,1]) is a quofienf of F(/) and fhus IpCo c Fan. 
The direcfed fan F(ai) is a non-locally pafh-connecfed confinuum. Thus IpCo is a 
proper subcafegory of Fan. 

Lemma 63. A path-connected space X is an object of Fan if and only if for some (equiva¬ 
lently any) x e X, the map ev : P{X,x) —> X, ev{a) = a(l) is quotient. 

Proof. Firsf nofe fhaf if y e X and |3 : [0,1] —> X is any pafh from y fo x, fhen ev : 
F(X, x) —> X facfors as fhe composition of fhe leff concafenafion map Ap : P{X, x) —> 
F(X, y), Ap{a) = f ■ a and evaluation ev : P(X,y) X. Thus if ev : P{X,x) —> X is 
quofienf, fhen ev : F(X, y) —^ X is quofienf for all y e X. 

Suppose ev : P{X,x) —> X is quofienf for all x e X. We show fhat X e Fan. 
Suppose U c X is a sef such fhaf for every direcfed sef / and map / : F(/) —> X, 
f~^{U) is open in F(/). Fix x e X. We check fhaf ev~^{U) is open in F(X,x). If 
ev~^{U) is nof open, then there is a convergent net fj foo, j ^ Jin P{X, x) such that 
/oo G ev~^(U) and fj ^ ev~^(U) for every j e /. This nef uniquely induces a map / : 
{F{J),bo) —> (X,x) for which/“^(Lf) is open by assumption. Buf loo G [0, l]oon/“^(U) 
which implies fhe exisfence of jo such fhaf ly G f~^{U) for all j > jo- This confradicfs 
fhe assumption fhaf /y(l) = /(ly) ^ U for all j e /. Therefore, ev~^{U) musf be open 
in F(X,x). Since ev is quofienf, U is open in X. This proves X e Fan. 

For fhe converse, suppose X e Fan, x e X, and U c X is such fhaf ev~^{U) is open 
in F(X, x). To see fhaf ev is quotient, we check that U is open. If U is nof open, fhen 
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there is a map / : (F(/), feg) —> (X, y) on a directed arc-fan such that / ^(U) is not 
open in F(/). Pick a point z e f~^{U) such that no neighborhood of z is confained 
in/-i(U). 

Case I: Suppose z = bo. Since F(/) is locally pafh-connecfed at bo, there is a 
directed set K and a map h : {H{K),ao) —> {F{J),bo) such that f!(lt) ^ for 

every k e K. Buf since H{K) e Fan and fob: {H{K), Aq) —^ (X, y) is confinuous, 
h~^{f~^{U)) is an open neighborhood of aq in H{K). Thus fhere is ako & K such fhaf 
lie e for all k > ko- This confradiefs fhe facf fhaf h{lie) ^ for every 

k e K. Thus U musf be open. 

Case II: Suppose z + bo- There is a direefed sef L and a nef z; —» Zoo = z, ^ e L 
in F(/) such fhaf zt ^ for every F e L. Since z bo, we may assume Z( has 

image in fhe open sef F{})\{bo] - (/ U {oo}) x (0,1]. Thus for each F e L U {oo}, we 
have Ze = tj({) e (0, l]y(^) for some j{£) e /. Define a function h : (F(L), bo) —> (F(/), bo) 
so fhaf for all F e L U {oo}, the restriction of h to [0,1]^ is the linear path h{s() = (sf)y(p. 
Since [0,1] is locally compact and L U {oo} is Hausdorff, the continuity of h follows 
direcfly from exponenfial laws for maps on pairs of spaces. Nofe fhaf h{l() = zt for 
allF e LU{oo}. Since/and Fare confinuous, (/oF)^ —> (/oF)k> isaconvergenf nef of 
pafhs in F(X, y). Now if y is any pafh in X from x fo y, fhen y ■ {f oh)i —> y -{f o h)oo 
in P{X,x). Since y ■ {f o F)oo(l) = /(z) e U, we have y ■ {f o h)co e ev~^(U). By 
assumption, ev~^(U) is open so there is an Fq such that y ■ (f o h)f e ev~^(U) for all 
F > Fq. However, fhis confradiefs fhe facf fhaf y ■ {f ° F)^(l) = f{Zi) ^ U for every 
F e L. Thus U musf be open. □ 

Corollary 64. Suppose fan : Topo ^ Fan is the coreflection functor. The topology of 
fan{X) is the quotient topology on X with respect to evaluation ev : P{X,x) —> Xfor any 
xeX. 

Proof. Pick any x e X. The continuous identity fan{X) —> X is a disk-covering 
and therefore induces a continuous bijection b : P{fan{X),x) —> P{X,x) on path 
spaces. A convergent net ay a, j ^ J in P{X,x) corresponds to a continuous map 
/ : F(/) —> X on a directed arc-fan for which / : F(/) —> fan{X) is also confinuous 
since F(/) e Fan. Thus ay also converges fo a in P{fan{X),x). Consequenfly 
F is a homeomorphism. By Lemma ev : P{fan{X),x) —> fan{X) is quofienf. 
Composing b~^ wifh fhis quofienf map complefes fhe proof. □ 

Theorem 65. Every contractible space is an object of Fan. Consequently, ff Cntr is the 
category of contractible spaces, then .^(Cntr) = Fan. 

Proof. Since every direefed arc-fan is fhe cone over a convergenf nef, we have 

c Cntr and thus Fan c Jf’(Cntr). Recall that every contractible space Z is 
the retract (and therefore quofienf) of fhe cone CZ = Z X [0,1]/Z X {0} over Z. 
Since coreflecfive hulls are closed under quofienfs, if suffices fo show CZ e Fan 
for any (possibly non-pafh-conneefed) space Z. Lef tz denofe fhe image of (z, t) 
in CZ and u = Oz be fhe verfex. Using fhe exponential law for based pafh spaces 
if is sfraightforward fo verify fhat fhe map / : CZ —> P{CZ,v), f{tz){s) = (sf)z is 
confinuous. If ev : P{CZ,v) CZ is evaluafion, fhen ev o f = id, showing fhaf 
ev is a refraefion and fherefore a quofienf map. If follows from Lemma [63] fhaf 
CZ e Fan. □ 

Definition 66. fSl A map / : X —> Y has continuous lifting of paths if for every x e X, 
fhe induced map /# : P{X,x) —> P{Y,f{x)) is a homeomorphism. 
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Proposition 67. The following are equivalent for a map p : X —> X; 

(1) p has continuous lifting of paths, 

(2) p is a weak T'-covering map, 

(3) p is a weak Cnit-covering map. 

Proof. (1) «(2) Suppose X e X, andp(x) = x. First observe that p# : P{X,x) —> P{X,x) 
is a homeomorphism if and only if every map / : (F(/), bo) —> (X,x) on a direcfed 
arc-fan liffs uniquely fo a map / : (F(/), bo) —> (X, x) such fhaf p ° f = f- Since 
direcfed arc-fans are simply connecfed, if is immediafe fhaf every ^-covering has 
confinuous liffing of pafhs. If follows direcfly from exponenfial laws of mapping 
spaces fhaf every map wifh confinuous liffing of pafhs also is a disk-covering ||5l 
Remark 2.5]. 

(2) « (3) We prove fhe more general facf fhaf if Jtf{C) = fhen p : X -a X is 

a weak C-covering if and only if p is a weak £)-covering. By symmefry we only need 
fo prove one direction. Suppose p is a weak C-covering and / : (Y, y) —> (X, x) is a 
map wifh Y e D and ffnfY, y)) c p,(7Ti(X,x)). Since p is a disk-covering if suffices 
fo show fhe unique funcfion / : (Y, y) —> (X,x) such fhaf po f = f is confinuous. 
If c : Topo —> is fhe coreflecfion, fhen by Lemma ip{p) : c(X) —> X is a 

J^(C)-covering. Since Y e J^{D) = J^{C), fhe unique liff / : (Y, y) —> (c(X), x) 
is confinuous. Composing fhis map wifh fhe confinuous identify id : c(X) —> X 
shows fhaf / : Y —> X is confinuous. 

c(X) 

J- 

/I 

I 

Y- 



□ 

Corollary 68. A map p : X ^ Xisa Pan-covering map if and only ifX e Fan and p has 
continuous lifting of paths. 

In fhe previous secfion, we idenfified fhe fopology of IpCo-coverings as fhe 
whisker fopology. In fhe same fashion, we identify fhe fopology of Fan-coverings as 
fhe nafural quofienf fopology. Lef X^°^ denofe fhe space wifh fhe same underlying 
sef of Xh (used in fhe previous secfion) wifh fhe quofienf fopology wifh respecf fo 
fhe map q : P{X,xo) —> Xh, q{a) = [«]«• 

Using exponenfial properties of mapping spaces, if is shown in jS] fhaf fhe 
endpoinf projecfion pn ■ X^"^ —> X, pHiMn) = «(1) induces a refracfion (ph)# : 
p(X^op, P(X,xo) on pafh spaces. The canonical secfion s : F(X,xo) —> 

P(X‘I^°^,xh) is given by s{a) = ay, fhe sfandard liffs of pafhs sfarfing af xh. Thus 
fhe inclusion H c (pn)* xh)) holds in general. Since a refracfion is a 

homeomorphism if and only if if is injecfive, fhe nexf lemma follows immediafely. 

Lemma 69. ||3l Theorem 7.7] The endpoint projection pH : X^°^ —> X, Ph([«]h) = a{T) 
has continuous lifting of paths if and only if it has the unique path lifting property. 
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Lemma 70. Suppose Y e Fan, yo e Y, a e P{X,xo), and f : (Y, i/o) (X«(l)) is a 
map such that f,{ni{Y,yo)) c [a~]H[a]. Then there is a continuous map f : (Y, i/o) 

[alfl) such that Ph ° f = f defined by f{y) = [a • (/ ° t)]h where t : [0,1] —> Y is 
any path from yo io y. 


Proof. As in Lemma 53 / is well-defined; we are left to verify continuity. Consider 


the following commuting diagram. 

/# 


Aa 


P(Y, yo) —^ P{X,f{yo)) —^ P{X,xo) 


Y- 


->X 


/ 


■qtop 

H 


ThemapAa(|S) = a-jS is left concatenation by a. Each function in the top composition 
is continuous and the left vertical map is a quotient map by Lemma 
continuous by the universal property of quotient spaces. 


63 


Thus / is 
□ 


X 


■qtop 


Lemma 71. Ifp : X ^ Xisa Pan-covering and H = p,(ni(X,x)) c 7ii(X,xo), then there 
is a homeomorphism p : X 

Proof. As in Lemma 


56 


such that Ph °p = p. 
there is a canonical bijection 


X 


X^”^ defined as 


follows. If y is any path in X starting at xq, then p{y{l)) = [p o yjn. Consider the 
following diagram which commutes since if y e P{X,x), then p{ev{y)) = p(y(l)) = 
[p o y]H = q(p#(y)). 

P(X,f) —^P(X,xo) 


X- 


-4X 


■qtop 

H 


Since p has continuous lifting of paths (Corollary [68) , the top map is a homeo¬ 
morphism. Since X e Fan, the left vertical map is quotient by Lemma 63 The 
right vertical map is quotient by construction. Therefore the bottom horizontal 
map must be a continuous quotient map. Since p is bijective, it is a homeomor¬ 
phism. □ 

As we did for the locally path-cormected case, we can now answer the Structure 
Question for the category Fan: the topology of any Fan-covering space is equivalent 
to the natural quotient topology. 

Theorem 72. For any subgroup H c 7ii(X,xo), the following are equivalent: 

(1) H is a Pan-covering subgroup o/7ii(X,xo), 

(2) Ph : X^“^ — > X is a Pm-covering, 

(3) Ph '. X^“^ — » X has the unique path lifting property, 

(4) (p„).(7Ti(X^“f’,XH))=H. 

Proof. Using Lemma [70| the proof of (2) « (3) o (4) is identical to the proof of 

~ ( 1 ) ~ 


Lemma 55 


definition. 


(2) follows directly from Lemma 71 (2) & (4) 


(1) is by 
□ 
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Remark 73. In general, it is known that the whisker topology on Xh is finer than 
the quotient topology of 1261 . Our characferizafion of fhe fopology of IpCp- 
and Fan-coverings indicafes fhaf if H is a Fan-covering subgroup of 7 Ti(X,xo), fhen 


/pc(x^‘’P) - Xh, 
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